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1 (@) Define a metric induced by norm on a vector space.

Prove that every normed space is a metric space.

(b) State and prove Riesz’s lemma.

(©) Prove that every finite dimensional sbuspace Y of a

normed space X is complete.

OR

1 (@) Define equivalent norms. Prove that the norms ||x||oo

and ||x||2 on p" defined respectively as ”x”oo:mjax|§j

ol

Y
and ||x||2=[21 ]
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for x:(il,éz...,in) are equivalent.
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(b) Let 7:X —Y be a linear operator, where X, Y are 5

vector spaces, then prove that range of T, R(T) is a
vector space.

(©0 Prove that a compact subset of a metric space is 4
closed and bounded.

2 (a Let I'D(I)—>7Y be a bounded linear operator with 5
D(T) lies in X and XY are normed spaces. Prove that

@) x, > x=Tx, > Tx (ii) N(T) is closed.

(b) Prove that a linear functional f:C[a,b]— R defined by 5

b
J()=]x(0)di ¥ x € C[a,b], ¥ 1e[a,b]

a

1s bounded and

7 ll=t-a
(©) Prove that every linear operator on a finite 4
dimensional normed space is bounded.
OR
2 (@) Let X be a finite dimensional vector space and 7

E:{el,ez...,en} be a basis of X. Then prove that the

set F={f.f,...f,| satisfying f;(¢;)=8 .G, j=2,.n)

is a basis for algebraic dual space y* of x and

dim X" =dim X -
(b) Prove that the dual space of p7 is pr. 7
3 (@ In an inner product space X, prove that 5

. 2 2 2 2
6 [+l +He =l =2(lP + 1)

R e 4 e

() If Y is a closed subspace of a Hilbert space g, then 5
prove that g _ygyt.

(© In an inner product space X, prove that 4
xLyo|x+oyl|=[x-oy|, for every scalar o.

OR
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3 (@ If Y is a closed subspace of Hilbert space g, then 5
prove that g _ygyt.

(b) Show that a Banach space /7 (p=2) is not a 5

Hilbert space.

(©0 Define an orthogonal projection P on a Hilbert space 4
H onto a closed subspace Y of H. Prove that P is linear
and bounded.

4 (@ Let 7T:H —H, and S:H,— H,, be a bounded linear 5

operators, where H; and H, are Hilbert spaces.

Then Prove that

O S+ =8 +71"

() (a7) =a7",v scalar o.

(b) State Parseval’s relation in Hilbert space. If Parseval’'s 5
relation holds in Hilbert Space H, then prove that
M 1is total in H.

(© Orthonormalise an LI set {(1,1,1),(-10,1),(1,-10)} by 4
Gram-Schmidt process.
OR
4 (a) Prove that every bounded linear functional 7 on a 5

a Hilbert space H can be represented as f(x)={(x,z),
where z is uniquely determined by f and has norm

== 1171-

(b) Define an orthonormal set. Prove that an orthonormal 5
set in Hilbert space i1s LIL.

(©) Define self adjoint operator. Let be a bounded linear 4
operator on a Hilbert space g . If 7 is self adjoint, then

prove that (7x,x) is real VxeH .
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5 (a) State and prove Banach fixed point theorem. 5
(b) Show that in a Banach fixed point theorem, the

condition d(7x,7y)<od(x,y) cannot be replaced by
d(Ix,Ty)< d(x,y), x#y.
© Let U:H—H and V:H — H be two unitary operators 4

on a Hilbert space g, then prove that [/} 1is

unitary and [/is normal.
OR

5 (a) Let v be a continuous function on J=[a,b] and 5

k(,7) be continuous on closed square Jx.J such that

|x(z,7)|<c. Let p be a scalar such that |H|Sc(b—a)'

Then prove that the 1integral equation

b

x(1)=v(t)+ 1 JK(’J DX(DAT hag a unique solution x on .
a

(b) State and prove fixed-point lemma. 5
(¢© If § and 7 are normal operators satisfying ¢7* =7"¢ 4

and 7¢* = ¢*7, then §+71is also normal.
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